We develop the deformation theory of instantons on asymptotically conical G2 manifolds, where an asymptotic connection at infinity is fixed. A spinorial approach is adopted to relate the space of deformations to the kernel of a twisted Dirac operator on the G2 manifold and to the eigenvalues of a twisted Dirac operator on the nearly Kähler link. As an application, we use this framework to the calculate the infinitesimal deformations of the instanton of Günaydin-Nicolai which lives on R 7 . We identify all of the deformations and show that the moduli space is a smooth manifold. Finally, we prove that connections in the moduli space are G2-invariant and by classifying such connections we prove a uniqueness result for this instanton.
The physical motivation for studying instantons on G 2 manifolds stems from the fact that such connections automatically satisfy the Yang-Mills equation. Furthermore on a compact manifold G 2 instantons are absolute minima of the Yang-Mills energy functional. Interest in these connections has grown significantly in recent years since the suggestion of Donaldson-Thomas [9] and Donaldson-Segal [8] that it may be possible to define invariants from their moduli spaces.
The first example of a G 2 instanton was constructed on the principal G 2 bundle over R 7 by Günaydin-Nicolai in 1995 [18] and we shall refer to this example as the standard G 2 instanton. Other examples of instantons on non-compact manifolds have been found in more recent years. Firstly, Clarke [7] found a family of instanton connections on the manifold / S(S 3 ) which was shown by Bryant-Salamon to carry a G 2 metric [4] . The other G 2 manifolds constructed by Bryant-Salamon are Λ 2 − (S 4 ) and Λ 2 − (CP 2 ) and examples of instantons have been constructed on these spaces by Oliveira [30] . Recently Lotay-Olivera [24] studied the moduli spaces of instantons on non-compact G 2 manifolds where the connections are required to be invariant under a group action. In particular, they found a limiting connection of Clarke's family of instantons. The important observation here is that all of these examples are defined on asymptotically conical manifolds and the G 2 instantons converge to instanton connections on the nearly Kähler 6-manifold at infinity.
Since the deformation space is the kernel of an elliptic operator we can develop a deformation theory that relies on the framework for analysis for asymptotically conical manifolds that has been developed by Lockhart-McOwen [23] and Marshall [27] . These tools enable one to determine when elliptic operators on non-compact manifolds are Fredholm, and hence a Kuranishi model is applicable to study the moduli space of solutions. In the holonomy G 2 setting, this framework has been used to study the moduli space of associative and coassociative submanifolds by Lotay [25] [26] and the moduli space of G 2 structures by Karigiannis-Lotay [20] . In the gauge theory setting Nakajima [29] has used a similar analysis to study the moduli space of ASD instantons on asymptotically locally Euclidean manifolds where a flat connection at infinity is fixed.
Since the asymptotic connection in our setting is a nearly Kähler instanton it is interesting to compare deformations of the G 2 instanton with deformations of this asymptotic connection. In particular there is a projection between the moduli spaces of these two instantons and one can try to understand the properties of this map. The deformation theory of nearly Kähler instantons has been developed by Charbonneau-Harland [5] and we use many of the ideas and techniques they develop to analyse the asymptotic connection.
This paper studies the deformation theory of G 2 instantons on asymptotically conical manifolds by prescribing a fixed rate of decay at infinity. We take a spinorial approach and relate deformations of the instanton to the kernel of a Dirac operator on a Hilbert space of spinors with fixed decay rate. In contrast to the compact case the index of the Dirac operator controlling the deformation theory is not expected to be 0. This can be seen in Section 4 where we show that the dimension of the space of solutions to the linearised G 2 instanton equation is determined by the spectrum of a twisted Dirac operator on a nearly Kähler 6-manifold and apply the implicit function theorem to show the moduli space is a smooth manifold when the deformation theory is unobstructed.
In Section 5 we study the particular example of the standard instanton on R 7 . To determine the relevant eigenvalues of the Dirac operator on the homogeneous space S 6 = G 2 /SU (3), we write the operator as a sum of Casimir operators and use representation theoretic techniques to calculate the first few eigenvalues explicitly. The main result of this section is Theorem 75 which establishes that the only solutions to the linearised equations are determined by dilation (scaling in the radial direction) and translations. Thus, there are no other distinct connections nearby in the moduli space.
In Section 6 we apply Theorem 75 to prove that connections in the moduli space are in fact G 2 -invariant. To prove global uniqueness, i.e that the standard instanton is the only G 2 instanton with our specified decay condition, we show that the work of Harland et al. [19] proves that the standard instanton is the only invariant connection on the given bundle. This leads to our main result Theorem 83-that the standard instanton is globally unique. This result can be compared with the work of Karigiannis-Lotay [20] who prove uniqueness of the G 2 structures on the Bryant-Salamon manifolds. thank the members of the geometry and analysis groups at Leeds for many helpful conversations.
Preliminaries

G 2 Manifolds
A G 2 structure on a 7-manifold is a choice of 3-form ϕ that at each point can be identified with the standard positive 3-form ϕ 0 on R 7 which we take to be ϕ 0 = dx 127 + dx 347 + dx 567 + dx 145 + dx 136 + dx 235 − dx 246 (1)
where dx ijk = dx i ∧ dx j ∧ dx k . Such a 3-form ϕ determines an orientation Vol 7 and hence a metric g = g ϕ via the formula (ι u ϕ) ∧ (ι v ϕ) ∧ ϕ = 6g(u, v)Vol 7 . This allows us to define a 4-form ψ := * ϕ ϕ. Definition 1. A G 2 manifold is a 7-manifold M together with a G 2 structure ϕ such that ∇ϕ = 0, where ∇ is the Levi-Civita connection of the metric determined by ϕ. Such a G 2 structure is called torsion free.
The following result of Fernandez-Gray [12] gives an alternate characterisation of G 2 manifolds: Theorem 2. Let (M, ϕ) be a G 2 structure manifold. Then the following are equivalent:
On any manifold with a G 2 structure there is a decomposition of the exterior bundles determined by the irreducible representations of the group G 2 . We denote this splitting Λ k (T * M ) = d Λ k d where Λ k d (T * M ) is a rank d vector bundle, fiberwise isomorphic to an irreducible representation of G 2 of dimension d. The splitting is 3 23 . Furthermore, the Hodge star operator yields isomorphic splittings Λ 7−k (T * M ) = d * Λ k d (T * M ) . We have explicit models for these spaces as follows:
Λ 2 14 = {α ∈ Λ 2 (T * M ) ; α ∧ ψ = 0} = {α ∈ Λ 2 (T * M ) ; * (α ∧ ϕ) = −α} (3)
We call the seven dimensional irreducible representation the standard representation and denote it V. The 14dimensional irreducible representation is isomorphic to the adjoint representation g 2 and the 23-dimensional representation is isomorphic to Sym 2 0 (V ). Since G 2 is simply connected, manifolds with a G 2 structure are spin. The spin bundle is constructed from an irreducible representation of Spin (7) arising by restricting a representation of the Clifford algebra Cl(R 7 ) ∼ = R(8) ⊕ R (8) . There are two choices of representation W + and W − ,they are both 8 dimensional and distinguished by the fact that the volume form Vol 7 acts as ±1 on W ± . The resulting spin bundle is independent of this choice [22] . We make that choice that the volume form acts as +1, this will ensure our formula for Clifford multiplication is the standard one in the literature. Since G 2 manifolds are Ricci flat, they come with a parallel spinor which we denote s 7 . The stabiliser of s 7 is G 2 and this leads to another description Λ 2 14 = {α ∈ Λ 2 (T * M ) ; α · s 7 = 0}. The map Λ 0 ⊕ Λ 1 → / S(M ), (f + v) → (f + v) · ψ is an isometry, and therefore an isomorphism since the spinor bundle has rank 8. Proof. Since ϕ is G 2 equivariant Schur's lemma says that it preserves this decomposition since Λ 0 and Λ 1 are irreducible representations of G 2 . Furthermore it must act as a constant on each space and the action is traceless. A direct calculation shows that ϕ · ψ = 7Vol − 6φ and therefore, if ϕ · s 7 = λs 7 then ϕ · ψ · s 7 = ϕ 2 · Vol 7 · s 7 = λ 2 s 7 = (7Vol 7 − 6ϕ) · s 7 = (7 − 6λ)s 7 .
Therefore λ = −7 or λ = 1. The eigenvalues of ϕ acting on Λ 1 satisfy the same equation and since ϕ is traceless we see that λ = −7.
Remark 4. Had we instead chosen Vol 7 to act as -1, the eigenvalues of ϕ would differ from those above by a minus sign, while the eigenvalues of ψ are independent of this choice.
An argument similar to those of [26] and [5] yields the following corollary: To find v, we note that * (α ∧ ψ) = * (π 7 (α) ∧ ψ) = * ((v ϕ) ∧ ψ) = * (3 * v) = 3v so that v = 1 3 * (α ∧ ψ) and the result follows. Corollary 6. Let f ∈ Ω 0 (M ) and u, v ∈ Ω 1 (M ). Then Clifford multiplication of the spinor (f + v) · s 7 by u is
Recall the Dirac operator D : Γ(/ S(M )) → Γ(/ S(M )) is given in a local orthonormal frame e i of T * M by the formula D(s) = e i · ∇ i s. It is easily verified that D((f + v) · s) = (d * v + df + * (dv ∧ ψ)) · s 7 so we can write the Dirac operator as the 2 × 2 matrix
.
Nearly Kähler Manifolds
Let (Σ, g) be a Riemannian spin manifold and let / S(Σ) denote the real spinor bundle associated to Σ. A spinor s ∈ Γ(/ S(Σ)) is called a real Killing spinor if there exists a non-zero real constant λ such that
for all X ∈ Γ(T Σ) and where ∇ is the Levi-Civita connection acting on the spin bundle.
Definition 7. A 6-manifold (Σ, g) together with a real Killing spinor s 6 ∈ Γ(/ S(Σ)) is called a nearly Kähler 6-manifold.
By scaling the metric, we can also scale the constant λ. In order that the Killing spinor lifts to a parallel spinor on the cone we shall fix
Such a manifold is Einstein with Ric = 5g. The group fixing a Killing spinor on a 6-manifold is SU (3), furthermore the spinor defines an SU (3) structure on Σ as described in [5] . Thus we have a holomorphic (3, 0)-form Ω and an almost complex structure J which allows us to define a fundamental 2-form ω = g(J·, ·).
In a suitable local orthonormal frame these take the form
On a nearly Kähler manifold ω is not closed but the following equations are satisfied:
In fact, a 6-manifold is nearly Kähler if and only if it is an SU (3) structure manifold such that (8) holds [15] . The SU (3) structure is torsionful and therefore the holonomy group of the Levi-Civita connection ∇ need not be an SU (3) subgroup. There is however a distinguished connection on the tangent bundle with skew parallel torsion and holonomy SU (3). This connection is known as the canonical connection and is defined via the formula
for all X, Y, Z ∈ Γ(T Σ). It proves useful to define a one parameter family of connection interpolating between the Levi-Civita connection and the canonical connection by setting
for t ∈ R. The torsion tensor T t of the connection ∇ t is
The fact that the holonomy group of the canonical connection ∇ can = ∇ 1 is a subgroup of SU (3) follows from the equation
For the purpose of this article, the most important examples of nearly Kähler manifolds will be the homogeneous ones. There are precisely four such manifolds
In each case the homogeneous space G/H is reductive, meaning there is a splitting g = h ⊕ m with m closed under the adjoint action of H. These coset spaces are called 3-symmetric since in each case the subgroup H is fixed by an automorphism s of G satisfying s 3 = Id. The induced Lie algebra automorphism S also satisfies S 3 = Id. This acts trivially on h and non-trivially on m; one defines a almost complex structure J : m → m via
The Riemannian metric on each space is determined by the Killing form on g. In [28] it is shown that − 1 12 is the normalisation that yields λ = 1 2 in the Killing spinor equation (7) . So the metric is induced from the bilinear form
Reductive homogeneous spaces come with a distinguished connection, also called the canonical connection, on the principal H bundle G → G/H whose horizontal distribution is given by left translation of m. The tangent bundle T (G/H) associated to G → G/H via the representation m of H. The canonical connection coming from the reductive homogeneous structure therefore defines a connection on T (G/H) and this agrees with the connection (9), justifying the nomenclature.
Analogously to the G 2 case the exterior bundles split according to how the fibres split as representations of SU (3). The splitting Λ k (T * M ) = d Λ k d , where Λ k d has fibre dimension d, is as follows:
and there are isometric splittings Λ 6−k = d * (Λ k d ). These spaces are modelled as follows:
The bundle Λ 2 8 has fibres isomorphic to su(3). Since the action of the group SU (3) fixes the Killing spinor it is clear that the Lie algebra action annihilates it, hence we have α · s 6 = 0 for any α ∈ Λ 2 8 . The Killing spinor s 6 determines a bundle map from Λ 0 (T * Σ) ⊕ Λ 1 (T * Σ) ⊕ Λ 6 (T * M ) to / S(Σ), defined by η → η · s 6 and Charbonneau-Harland [5] note this is an isomorphism:
The almost complex structure can be constructed from this splitting; let Vol 6 be the volume element of the Clifford algebra, then one defines Vol 6 · v · s 6 = Jv · s 6 for any v ∈ Λ 1 . The forms ReΩ and * ω act as scalar multiples on the summands of this splitting: Lemma 2] ). The subspaces of / S(Σ) isomorphic to Λ 0 , Λ 1 and Λ 6 are eigenspaces of the operations of Clifford multiplication by ReΩ and * ω with the following eigenvalues
We would like to understand Clifford multiplication by 1-forms under this splitting of the spin bundle. We begin with a lemma:
Proof. Let π d denote projection from Λ 2 to the subspace Λ 2 d . The description (17) shows that π 8 (α) · s 6 = 0, so that α · s 6 = (π 1 (α) + π 6 (α)) · s 6 .
The π 1 component of α is a multiple of ω so we calculate ω · s 6 = Vol 6 · * ω · s = 3Vol 6 · s 6 by Lemma 8. Since |ω| 2 = 3 we see that π 1 (α) = 1 3 (α ω)ω and thus π 1 (α) · s 6 = (α ω)Vol 6 · s 6 .
By (16) we write π 6 (α) = v ReΩ for a unique v ∈ Λ 1 and that v ReΩ · s 6 = − 1 2 {v, ReΩ} · s 6 = −2v · s 6 again by Lemma 8. An application of Schur's lemma shows that v = 1 2 α ReΩ. Therefore
Overall we see that α · s 6 = ((α ω)Vol 6 − (α ReΩ)) · s 6 .
Corollary 10. Clifford multiplication of a spinor (f + v + hVol 6 ) · s 6 by a 1-form u ∈ Ω 1 (Σ) is given by
Proof. Since the volume form anti-commutes with 1-forms we have that
and the term (u ∧ v) · s 6 is handled using the previous lemma.
We can apply these results to understand the Dirac operator on a nearly Kähler manifold. Let D t = cl • ∇ t : Γ(/ S(Σ)) → Γ(/ S(Σ)) be the Dirac operator constructed from the connection ∇ t acting on the spin bundle. Charbonneau-Harland [5] show that these operators differ by a multiple of the action of ReΩ on the spin bundle:
where D 0 is the Levi-Civita Dirac operator. Note this family of operators have the same action on 1-forms,
3 Asymptotically Conical G 2 Manifolds
The link between Nearly Kähler and G 2 geometry is via the cone construction, which we now describe:
where r is the coordinate on (0, ∞). The metric determined by ϕ C is the cone metric dr 2 + r 2 g 6 . We choose the orientation such that dr ∧ r 6 V 6 is the volume form on C. We call C a G 2 cone and Σ the link of the cone. Finally, we denote the natural projection map π : C(Σ) → Σ.
A G 2 cone is of course not complete, but we will consider complete G 2 manifolds whose geometry is asymptotically that of a G 2 cone. The next definition makes this notion precise.
Definition 13. Let (M, g, ϕ) be a non-compact G 2 manifold. We call M an asymptotically conical (AC) G 2 manifold with rate µ < 0 if there exists a compact subset K ⊂ M, a compact, connected nearly Kähler 6-manifold Σ, a constant R > 1 and a diffeomorphism
for each σ ∈ Σ, for j = 0, 1, 2, . . . , where ∇ C is the Levi-Civita connection for the cone metric g C on C(Σ), ϕ C is the G 2 structure on the cone and | · | is calculated using g C . We call M \ K the end of M and Σ the asymptotic link of M .
Remark 14.
We shall often drop the notation showing the dependence of a norm of the form in (25) on a point in Σ. Such a norm is always to be understood pointwise in Σ.
It follows from Taylor's theorem that the metric g = g ϕ and ψ = * ϕ ϕ satisfy the same asymptotic condition
Example 15.
1. (R 7 , ϕ 0 ) is clearly an AC G 2 manifold with any rate µ < 0 since C(S 6 ) = R 7 \ {0}. In our convention ϕ C = ϕ 0 and the induced metric is the Euclidean metric.
2. The total space of / S(S 3 ), the spin bundle of S 3 , carries a metric of G 2 holonomy. This was the first non-trivial complete example of a G 2 manifold to be found and is due to the work of Bryant and Salamon in 1989 [3] . This example has cohomegeneity one, i.e there's a group acting isometrically with generic orbits of codimension one. This symmetry allows one to reduce the problem of finding a torsion free G 2 structure to solving an ODE. Furthermore the G 2 structure can be shown to be AC with asymptotic link Σ = S 3 × S 3 and rate -3. Bryant-Salamon also find G 2 holonomy metrics on Λ 2 − S 4 and Λ 2 − CP 2 using this method. Here the asymptotic links are CP 3 and F 1,2,3 respectively and the rate of converge is -4 in both cases. [13] infinitely many new diffeomorphism types of AC G 2 manifold with asymptotic link (a quotient of) S 3 × S 3 .
Foscolo, Haskins and Nordström find in
Analysis on AC Manifolds
For the remainder of this article, unless stated otherwise, M will be an AC G 2 manifold with asymptotic link Σ and h the diffeomorphism identifying the end of M with the cone on Σ. Weighted Sobolev spaces provide a natural setting for analysis on AC manifolds. Let us denote by M t for any t > R the subspace of M given by h((t, ∞) × Σ).
Definition 16.
A radius function ρ on M is a smooth function on M that satisfies the following conditions. On the compact subset K of M , we define ρ = 1. Let x be a point in M 2R , then h −1 (x) = (r, y) for some r ∈ (2R, ∞) and we define ρ(x) = r for such a point. Finally, in the region h((R, 2R) × Σ), the function ρ is defined by interpolating smoothly between its definition near infinity and its definition in the compact subset K, in a decreasing fashion.
Given a principal G bundle P → M we denote by AdP the adjoint bundle of P , this is the vector bundle associated to P via the adjoint representation of G (hence the fibers are copies of the Lie algebra which we denote g). We assume that G is compact and semi-simple and define a metric − , g on the fibers using the negative of the Killing form on g. Furthermore a choice of connection A on P gives rise to a linear connection acting on sections of AdP which we shall denote ∇ A . This is extended in the usual way to Ω * (M, AdP ) and for a section f ∈ Γ(AdP ) we use the notation ∇ A f = d A f interchangeably.
We need to construct spaces of sections suitable for our purposes. For this let E → M be a vector bundle with a bundle metric and denote by the subscript loc the space of sections η such that f η lie in the desired space for all compactly supported functions f on M. For example, C k loc (E) denotes the space of sections that in this sense lie in C k (E). 
where | · | is calculated using a combination of g and , g and ∇ = ∇ LC ⊗ ∇ A is the tensor product of the Levi-Civita connection on T and the connection ∇ A on AdP. We let L p k,µ (T ⊗ AdP ) denote the completion under this norm.
The weighted Sobolev spaces are Banach spaces and, when p = 2, Hilbert spaces. An element η ∈ L p k,µ (E) can be thought of as a section that is k times weakly differentiable such that the derivative ∇ j η is growing at most like r µ−j on the end of M. Indeed if |η| = O(ρ µ ) on the end of M then η ∈ L p 0,µ+ǫ (E) for any ǫ > 0. Denote L p µ = L p 0,µ , then we have a weighted Hölder inequality [1] ξ
As in the familiar L p case, this gives a duality pairing provided we use the correct weight (L p µ (E)) * ∼ = L q −n−µ (E) where 1 p + 1 q = 1. We will mostly work with the Hilbert spaces L 2 k,µ (E). For such spaces one has that L 2 k,µ (E) * ∼ = L 2 −k,−n−µ (E), but in practice we will only ever be interested in the kernel of an operator with regularity properties that ensure the kernel is in fact independent of k. In this way we can always work with Sobolev spaces with a positive degree of differentiability.
We will also require weighted C k and C ∞ spaces.
The spaces C k µ are Banach spaces but C ∞ µ need not be.
The usual embedding theorems for Sobolev spaces can be adapted to the weighted case, we state here only the results needed for the purposes of this article. The theorem is stated using µ-weighted Hölder spaces C l,α µ (E), where α ∈ (0, 1) is the Hölder exponent. These are spaces of sections with l continuous derivatives and controlled growth on the end of M . The precise definition of a weighted Hölder space can be found in [27] .
Theorem 19 (Weighted Sobolev Embedding Theorem). Let k, l ≥ 0 and let α ∈ (0, 1).
1. If k − n p ≥ l + α then there is a continuous embedding L p k,µ (E) ֒→ C l,α µ (E).
2. If k ≥ l ≥ 0 and k − n p ≥ l − n q , p ≤ q and µ ≤ ν then there is a continuous embedding L p k,µ (E) ֒→ L q l,ν (E). Throughout this article we choose to work with the spaces L 2 k,µ for k ≥ 4 so that the sections we consider are continuous. We can use the weighted embedding theorem to form a multiplication theorem, adapting the argument of [6] to the weighted setting.
For convenience we shall adopt the following notation:
Gauge Theory On AC G 2 Manifolds
In this section we show that the basic setup of gauge theory familiar from the compact case follows through to the case of weighted spaces. Let (X n , g) be an n dimensional Riemannaian manifold and let P → X be a principal bundle. The bundle P comes with a gauge group G = {principal bundle isomorphisms: P → P covering the identity}. The gauge group acts on the space of connections A and one may form the space of connections modulo gauge, A /G . The space of connections is an affine space identified with Ω 1 (X, AdP ) since any two connections differ by a section in this space.
When X is equipped with an (n − 4) form α we may define an operator on 2-forms by
Given such a set-up we seek connections A whose curvature F A satisfies T α (F A ) = λF A for a specified λ ∈ R. This mimics the ASD instanton equation on a 4 manifold, where α = 1 and λ = −1. We have two cases of interest:
1. When X = Σ is a nearly-Kähler 6-manifold we take α = ω and λ = −1. The equation to be solved is *
which is called the nearly Kähler instanton equation. A connection whose curvature solves this equation is called a nearly Kähler instanton (or sometimes a pseudo Hermitian-Yang-Mills connection). It is a non-trivial fact that solutions are Yang-Mills, as noted in [32] . By (17) a nearly Kähler instanton is a connection whose curvature has 2-form component lying in Λ 2 8 . Furthermore the nearly Kähler instanton equation is equivalent to
The most important example of a nearly Kähler instanton is the canonical connection, seen as living on the bundle G → G/H or a bundle associated to this via some action of H.
2.
In the case when X = M is a G 2 manifold we take α = ϕ and λ = −1, thus we look to solve *
which is called the G 2 instanton equation. A connection A whose curvature solves this equation is called a G 2 instanton. Since ϕ is closed it is not hard to see that such connections are automatically Yang-Mills, d A * F A = 0. By (3) a G 2 instanton is a connection whose curvature has 2-form component lying in Λ 2 14 . It follows that the G 2 instanton equation is equivalent to either of the equations
For the remainder of this article we denote by A ∞ a connection on a bundle Q → Σ and A C := π * (A ∞ ) denotes the pullback connection on π * Q → C(Σ). It is easily verified that A ∞ is a nearly Kähler instanton if and only if A C is a G 2 instanton. Furthermore examples of G 2 instantons on AC G 2 manifolds have been observed to decay to nearly Kähler instantons on the asymptotic link:
Example 21.
• In [18] an instanton A std on the trivial G 2 bundle over R 7 in constructed. This example decays to the canonical connection living on the trivial G 2 bundle over S 6 . We refer to this as the "standard" instanton. This example will be covered in more detail in Section 5.
• Nearly Kähler instantons have been constructed on the Bryant-Salamon manifolds by Clarke [7] , Oliveira [30] and Lotay-Oliveira [24] . All such examples decay to the canonical connection living on an appropriate bundle. In particular, a limiting connection of the family of Clarke's instantons was constructed in [24] and it is interesting to note that this connection actually decays faster than Clarke's examples.
We now make precise the concept of a G 2 instanton decaying to a nearly Kähler instanton. To do so we first specify the class of principal bundles we work with:
Let M be an asymptotically conical manifold G 2 , with asymptotic cone Σ, and let P → M be a principal bundle over M . We call P asymptotically framed if there exists a principal bundle Q → Σ such that
where π : C(Σ) → Σ is the natural projection map.
Remark 23. This is the slightly more general than the setup of Taubes in [31] where it is assumed that Q is trivial. When this is the case Taubes notes that if G is simple and simply connected then P must also be trivial.
It will now be assumed that the principal G-bundle P has G semisimple and that an invariant metric is fixed on the fibers of AdP.
Definition 24. Let M be an asymptotically conical manifold. A connection A on an asymptotically framed bundle P → M is called asymptotically conical with rate µ if there exists a connection A ∞ on Q → Σ such that, denoting A C = π * (A ∞ ) we have
for all non-negative integers j, for some µ < 0 and where ∇ C is a combination of the Levi-Civita connection on the cone metric and A C . Here | · | C is the norm induced by the cone metric and the metric on g.
It is natural to introduce Sobolev spaces of connections. Recall the space of connections is an affine space, a choice of reference connection A identifies the space of connections A with Ω 1 (M, AdP ), since other connection B is B = A + a where a is a uniquely determined Lie algebra valued 1-form. We let
We also need to introduce gauge transformations with specified decay properties. Recall a gauge transformation g is an automorphism of the principal bundle that covers the identity and that g acts on a connection A via the formula g · A = gAg −1 − dgg −1 . Following the setup of Nakajima in [29] suppose P → M is a principal G bundle, pick a faithful representation G → GL(V ) and form the associated bundle End(V ). We define
Furthermore we define G µ := l≥0 G l,µ . The main difference between our setup and that of [29] is that we shall consider varying the weight µ. As in the compact case one can check directly that the exponential map provides the (weighted) gauge group with charts making them into manifolds and that the action on the space of connections is smooth. See [14] for details on this construction.
Lemma 25. The sets G k+1,µ are Hilbert Lie groups with Lie algebra Ω 0 k+1,µ (M, AdP ) for k ≥ 3. The group G k+1,µ acts smoothly on A k,µ−1 via gauge transformations when k ≥ 4.
With this in hand we can define our main object of study:
Definition 26. Let M be an AC G 2 manifold with asymptotic link Σ. Let P → M be a bundle asymptotically framed by Q → Σ and let A ∞ be a nearly Kähler instanton on Q. The moduli space of G 2 instantons asymptotic to A ∞ with rate µ is
Remark 27. It follows from [30, Proposition 3] that an asymptotically conical G 2 -instanton A must have connection at infinity A ∞ a nearly-Kähler instanton.
To begin studying this moduli space we first try to understand it as the zero set of a (non-linear) elliptic operator. Pick a reference connection A and write any other connection B as B − A = a where a ∈ Ω 1 (M, AdP ). The relationship between the curvatures is F B − F A = d A a + a ∧ a and hence the G 2 instanton equation for B becomes the non-linear equation ψ ∧(d A a+ a∧a) = 0. From an analytic perspective it is advantageous to work instead with the G 2 monopole equation
. This is because adding the gauge fixing condition d * A a = 0 to (36) yields an elliptic equation. Solutions of this equation are precisely elements of the zero set of the non-linear operator
To see that the linearisation of D A is elliptic we compare the expression for the Dirac operator (6) and conclude the linearisation is the twisted Dirac operator D A where
Nothing is lost in moving to this setup for if (f, A) satisfies the G 2 monopole equation (with a decay condition) then f = 0. Thus the zero set of D A consists of solutions B to the G 2 instanton equation together with the gauge fixing condition d *
Similarly if (f, a) satisfies the linearised G 2 monopole equation then f = 0. We delay the proof of these facts until later in this section.
Being a twisted Dirac operator, D A is first order elliptic and formally self adjoint. The kernel of D A consists of gauge fixed solutions to the linearised G 2 monopole equation. In studying the behaviour of this operator we are lead to consider various other Dirac operators, so we briefly list those operators we will require. If A is an asymptotically conical connection then there is a connection A ∞ on Q → Σ and we define A C = π * A ∞ as in (33). Hence we have operators
The operator D A fits into the analytic framework for operators on AC manifolds which has been developed by Lockhart-McOwen in [23] and by Marshall in [27] , whose work we now adapt to our setting. Suppose (M, g) is asymptotically conical and ρ is a radius function, then g Acyl := ρ −2 g is asymptotically cylindrical. Let E be a vector bundle with fibre metric induced from the Riemannian metric and let T E : (E, g) → (E, g Acyl ) be the natural isometry from the conformal change of AC to Acyl metrics. Let E and F be two such bundles over M . We will call an operator P :
More details of this construction can be found in [27] . An important fact is that an AC rate ν order l operator P : Γ(E) → Γ(F ) admits a bounded extension P :
Our main cases of interest are:
The asymptotic conditions on the G 2 structure and the connection A ensure the operator D A is asymptotically conical with rate 1.
• E = F = Ad(P ) and T E = Id. Here the asymptotic conditions on the metric and the connection ensure the coupled Laplace operator d * A d A is asymptotically conical with rate 2. Furthermore the above operators are uniformly elliptic-near infinity they approach the elliptic operators D AC and (d AC ) * d AC which are built from the connection A C living on the cone. Such operators come with estimates that ensure desirable regularity properties analogous to the situation on a compact manifold.
is a smooth uniformly elliptic, asymptotically conical operator of rate γ and order l ≥ 1.
where the constant C > 0 is independent of ξ.
Thus the kernel of an order l AC uniformly elliptic rate ν operator P :
Using this Sobolev estimate together with the weighted Sobolev embedding theorem we find that the kernel of an AC uniformly elliptic operator has the desirable property of consisting of smooth sections. To study the kernel of our operators we will need to determine the set of critical weights which are determined by the asymptotic operators.
Definition 29. Let C be a G 2 cone with asymptotic link Σ and A C = π * (A Σ ). Let P C be either the twisted Dirac operator D AC or the coupled Laplace operator d * AC d AC acting on sections of E = / S(C) ⊗ Ad(π * (Q)) and E = Ad(π * (Q)) respectively. The set W crit (P C ) of critical weights of the operator P C is
In the case of a twisted spinor, a section η is homogeneous of order λ if η = (f + v) · s C (here S C denotes the parallel spinor on the cone) with f = r λ π * (f Σ ) and v = r λ+1 π * (v Σ ), where f Σ , v Σ are sections of the appropriate bundles over Σ (equivalently η = r µ s Σ where s Σ is a spinor on Σ lifted to the cone). In general one has to allow for complex exceptional weights but the formal self-adjoint property of the above operators in question ensures all such weights are real. The set W crit (P C ) is countable and discrete. Recall an operator between Banach spaces is called Fredholm if it has finite dimensional kernel and cokernel. An operator whose range admits a finite dimensional complementary subspace automatically has closed range, so this is in particular true of Fredholm operators.
Theorem 30. Let E and P be as above. Then the extension P :
Thus the kernel of P is independent of the weight provided we do not pass through any critical weights. For any k ≥ 4 and µ < 0 we define:
The last result we shall require is a Fredholm alternative for AC manifolds.
Theorem 31. Let P be an AC uniformly elliptic order l and rate ν operator and suppose that µ ∈ W crit (P C ) so that the extension P :
and
2. If µ > − 7 2 + ν then we can take
3. The image of the extension P is the space
The Space of Connections Modulo Gauge
The aim of this subsection is to give a description of the space of connections modulo gauge. Given a reference connection A we may view the gauge orbit G k+1,µ ·A as a subset of
and our strategy is to show this image is closed and hence admits a complement. We aim to find a particular complement for this image, which is called a "slice" of the action and as usual is given by the Coulomb gauge fixing condition. Such a splitting of Ω 1 k,µ−1 (M, AdP ) shows the quotient space is a smooth Hilbert manifold if the action is free. As in the case of a compact manifold the Coulomb gauge fixing condition may not pick out a unique class representative globally, so we also give a sufficient condition for this property to hold. Our strategy for this task is to develop the Fredholm theory of the coupled Laplacian d * A d A . To learn when d * A d A is Fredholm Theorem 30 tells us to look for homogeneous order λ elements of the kernel of d * AC d AC . Such a solution looks like f = r λ ξ for some ξ ∈ Ω 0 (Σ, AdP ) and we calculate
so such a solution exists if and only if λ(λ + 5) is an eigenvalue of d * A∞ d A∞ . Given that the coupled Laplace operator is positive, we find that there are no exceptional weights in the range (−5, 0). Therefore:
All known examples of AC G 2 instantons converge at a rate in this interval.
The next lemma is a gauged version of integration by parts on AC manifolds, the proof goes through identically to [20, Lemma 4.16] .
k+1,−4 and hence we can integrate by parts to see
The following useful lemma is due to Marshall [27] , it is a straightforward application of the maximum principle. We denote by ∆ = d * d the usual Laplacian on functions.
Lemma 36. Let (M, g) be an asymptotically conical manifold. If µ < 0 then Ker(∆) µ = {0}.
As an immediate corollary we find that harmonic sections of the adjoint bundle must vanish:
So |f | 2 is a harmonic function and hence zero.
Pausing for a moment we can finally justify our switch from the G 2 instanton equation (31) to the G 2 monopole equation (36).
Proof. We apply d * A to the G 2 monopole equation d A f + * (ψ ∧ F A ) = 0 and use that ψ is closed together with the Bianchi identity to find that d * A d A f = 0 and hence Corollary 37 is applicable.
Proof. Again we apply d * A any observe that
, a] = 0 so we may appeal to Corollary 37. We return our attention to splitting the space of 1-forms. It is sufficient for our purpose to work in the regime where −5 < µ < 0. Note from (40) that (d * A d A ) k,µ has trivial cokernel, since the adjoint maps from the space with weight −5 − µ < 0. The bounded inverse theorem then yields:
Lemma 40. Let (M, g) be an asymptotically conical G 2 manifold and let A be an asymptotically conical connection on a principal bundle P → M. If −5 < µ < 0 then
is an isomorphism of topological vector spaces.
This allows us to split the space of 1-forms, heuristically
Note however that the splitting may not be orthogonal, since the weights we require need not be in the L 2 integrable regime. Instead we make use of the following basic lemma from Banach space theory:
Lemma 41. Suppose T : X → Y is a bounded linear operator between Banach spaces, so that the kernel KerT is closed and admits a closed complement. A closed subspace X 0 ⊂ X is a complement to KerT if and only if
We would like to apply the above lemma with X = Ω 1 k+1,µ−1 (M, AdP ), T = d * A and X 0 = d A (Ω 0 k+2,µ (M, AdP )), thus we must first establish that the image of d A is closed.
Finally we apply the bounded operator d A and see that
So a = d A f by uniqueness of limits and hence Im d A is closed.
Proof. We apply Lemma 41 to the operator d * A :
is AC this extension is bounded and hence the kernel is a closed subspace. We claim that d A (Ω 0 k+2,µ (M, AdP )) satisfies the hypothesis of Lemma 41. Firstly, as noted above this is a closed subspace.
). This follows from Lemma 40.
The importance of this result is that it gives us a local description of the space B k+1,µ = A k+1,µ−1 /G k+2,µ of connections modulo gauge. The infinitesimal action of the gauge group G k+2,µ is − d A : Ω 0 k+2,µ (M, AdP ) → Ω 1 k+1,µ−1 (M, AdP ), so we can interpret Theorem 43 as a so called "slice" theorem-we have found complements for the action of the gauge group. If the action is free, it will follow from general theory that the quotient space is a smooth manifold.
To see that the action is free set Γ A,µ = {g ∈ G k,µ ; g · A = A}. Then by a standard argument Γ A,µ is Lie group whose sections are covariantly closed gauge transformations. Recall G is assumed to be semi-simple and the inner product on the representation V defined in (34) is assumed to be invariant. The connection A has Hol(A) ⊂ G so it preserves the inner product on V and thus also preserves the induced inner product on End
We have seen that such a function must vanish, so that Γ A,µ = Id. This is in contrast to the case when M is compact since, in the AC case, reducible connections (those with Hol(A) a proper subgroup of G) do not lead to singularities in the space of connections modulo gauge. As a consequence, if we set
then T A,ǫ models a local neighbourhood of A in B k+1,µ . We summarise this in the following corollary: Working with the local models T A,µ,ǫ amounts to solving Coulomb gauge condition d * A a = 0. This condition picks out a unique gauge equivalence class locally but may not do so sufficiently far away from A. The failure of a global gauge fixing is a reflection of the rich topology of B [11] . Using the surjectivity of the coupled Laplacian one can prove a weighted version of [10, Proposition 2.3.4] which gives a sufficient condition for solving the Coulomb gauge condition:
then there is a gauge transformation g ∈ G k+2,µ such that u(B) is in Coulomb gauge relative to A.
A Regularity Result
We observed that elements of the zero set of the operator D A from (37) consists of (smooth) G 2 instantons B together with the Coulomb gauge condition d * A (B − A) = 0 which fixes a gauge near to A. The decay condition (33) we impose on connections in the moduli space
. We now show that we may instead study the moduli space using the weighted Sobolev spaces; this is advantageous since these spaces are the natural setting for studying elliptic operators on AC manifolds. Let us denote by 
Proof. Suppose A is an asymptotically conical G 2 instanton of rate µ and class L 2 k,µ−1. , we will show that there exists a gauge transform g such that g(A) is in L 2 k+1,µ−1 . Firstly we know by Proposition 45 there is an ε > 0 such that any
< ε can be gauge transformed into Coulomb gauge relative to A. Since C ∞ µ−1 lies densely in L 2 k,µ−1 we may pick a smooth connection B satisfying this condition, then we know there exists a g in L 2 k+1,µ with
The Coulomb gauge condition is symmetric, so that A is also in Coulomb gauge relative to g −1 (B), i.e
Let us denote g(A) = B + a, then we can apply g to (47) deduce d * B a = 0.
Furthermore we have the relation *
Now the weighted multiplication theorem Theorem 20 ensures that a ∧ a ∈ L 2 k,2(µ−1) and the curvature of B lies in C ∞ µ−2 . Thus D B (a) ∈ L 2 k,µ−2 and the asymptotically conical uniformly elliptic estimates for the smooth operator D B allow us deduce that a ∈ L 2 k+1,µ−1 . That is, we have bootstraped to gain a degree of differentiability. This establishes the surjectivity of the inclusion. The map is clearly injective and continuous; to see it is a homeomorphism we show that the two spaces have the same convergent sequences with their induced topologies. Let {a n } ∞ n=1 be a sequence in M(A ∞ , µ) which is convergent in the L 2 k,µ−1 norm, i.e there is some a ∞ ∈ M(A ∞ , µ) with a n − a ∞ kµ−1 → 0 as n → ∞. To see that {a n } ∞ n=1 also converges in the L 2 k+1,µ norm we observe that a n − a ∞ k+1,µ−1 ≤ C( D B (a n − a ∞ ) k,µ−2 + a n − a ∞ 0,µ−1 ) = C( a n ∧ a n − a ∞ ∧ a ∞ k,µ−2 + a n − a ∞ 0,µ−1 )
≤ C ′ ( a n k,−1 a n − a ∞ k,µ−1 + a ∞ k,−1 a n − a ∞ k,µ−1 + a n − a ∞ 0,µ−1 )
with the constants C, C ′ > 0 coming from the elliptic estimate for the smooth operator D B and the weighted Sobolev multiplication Theorem 20. Now since {a n } ∞ n=1 converges in L 2 k,µ−1 and there is a continuous embedding L 2 k,µ−1 ֒→ L 2 k,−1 , the sequence a n k,−1 is bounded independent of n and therefore a n − a ∞ k+1,µ−1 → 0. Since spaces M(A ∞ , µ) k and M(A ∞ , µ) k+1 have the same convergent sequences, the inclusion is a homeomorphism.
Note the weighted Sobolev embedding theorem ensures the spaces M(A ∞ , µ) consists of smooth connections. This yields the following important corollary; the moduli space near [A] is modelled on a neighbourhood of 0 in the zero set of the non-linear elliptic operator D A in any Sobolev extension.
Corollary 47. Let A be an AC G 2 instanton, asymptotic to A ∞ with rate µ where −5 < µ < 0. The zero set of the operator D A :
Fredholm and Index Theory of the Twisted Dirac Operator
Recall that the operator (D A ) µ−1 is Fredholm when there are no non-zero solutions to
where s Σ is a spinor on / S(Σ), lifted to / S(C). We will find an expression for the Dirac operator on the cone in terms of the operator on the link Σ to determine the solutions to this equation.
We begin by comparing the Dirac operators on the link Σ and the cone C. Let Σ a nearly Kähler 6manifold and (C, g C ) = (Σ × R >0 , dr 2 + r 2 g) be the cone on Σ. We consider first the case of the ordinary Dirac operators
arising from the Levi-Civita connection acting on the spin bundle.
Let e i be a local orthonormal frame for T * Σ, then E 0 = dr, E i = re i forms a local orthonormal frame for T * C. We use the convention that an index of µ or ν runs from 0 to 6 whilst an index of i, j or k runs from 1 to 6. Denote by ∂ i differentiation with respect to the vector field dual to e i using the metric g and denote by D i differentiation with respect to the vector field dual to E i with respect to the metric g C . We write ∇ C for the Levi-Civita connection on the cone and ∇ for the Levi-Civita connection on Σ, similarly we write d C , d for the exterior derivatives on the cone and Σ respectively.
The connection one form of the Levi-Civita connection on the cone should be metric compatible and torsion free, which here means that d C = ∇ C ∧ . Let ω i j be the connection one form of the Levi-Civita connection on T * Σ, so that ∇e i = −ω i j e j in this frame. Then ω i j = −ω j i and
(this is equivalent to d = ∇∧).
On the cone we let Ω µ ν = −Ω ν µ be the Levi-Civita form, then testing that (48) holds we first note that dE 0 = d 2 r = 0 so that Ω 0 i ∧ E i = 0, and testing when i ≥ 0 we find
and also
Since we know (48) holds we conclude that
The connection acts on one forms as
Let Γ µ σν be the Christoffel symbols of the Levi-Civita connection on the cone, so that
and γ i kj be the Christoffel symbols on the Levi-Civita connection on Σ so that e k γ i kj = ω i j .
Note that Γ µ 0ν = 0 and Γ i k0 = 1 r δ ik . We take the natural Clifford algebra embedding of Cl n into Cl even n+1
given by e i → E i E 0 . The action of the Dirac operator on Σ is
The operator on the cone acts as
Thus we have that
and comparing to (49) one finds
Remark 48. The above calculation generalises easily to the case of (X n , g) an n-dimensional Riemanninan manifold and (C(X), dr 2 + r 2 g) the (n + 1)-dimensional cone of X.
We would like to generalise this to the case of twisted spinors and twisted Dirac operators. Recall the notation A C = π * A ∞ and consider the operators
These operators factor as follows:
it suffices consider the terms cl 6 (1 ⊗ ∇ A∞ ) and cl 7 (1 ⊗ ∇ AC ). We choose a local frame {v a } of AdQ and let ω b a = e iγb ia the the connection 1-form of ∇ A and letΩ b a = E iΓb ia be the connection 1-form of ∇ π * A . Then π * ω =Ω and we can apply a similar analysis to before. Let s A be a local frame for the spin bundle. One
So the twisted Dirac operators satisfy the same relation as in the case of the ordinary spin bundle.
A simple calculation shows that the volume form Vol 6 anti-commutes with the Dirac operator, so the spectrum is symmetric about 0 and hence W crit (D AC ) is symmetric about −3. Furthermore the spectrum of a Dirac operator is unbounded and discrete.
Proposition 49. The set of critical weights for the twisted Dirac operator
A∞ is the Dirac operator on the link twisted by the asymptotic connection A ∞ . Furthermore this set is discrete, unbounded and symmetric about −3. The operator (D A ) µ is therefore Fredholm whenever µ + 3 ∈ R \ SpecD 0 A∞ . Recall that in studying the deformation theory of M(A ∞ , µ) we are lead to work with the operator (D A ) µ−1 on a µ − 1 weighted Sobolev space, since the kernel of this operator consists solutions to the linearised G 2 instanton equation converging with rate µ. Therefore let us set
so that (D A ) µ−1 is Fredholm whenever µ ∈ R \ W and W is symmetric about −2.
Remark 50. In [5] Charbonneau and Harland show that the linearised nearly Kähler instanton equation on the link Σ is solved by one forms a satisfying D A∞ (a · s) = 2a · s . Therefore we may think of rate 0 deformations on cone C(Σ) as being deformations of the nearly Kähler instanton A ∞ .
Recall the index of a Fredholm operator P is the quantity indP = dim(kerP )−dim(cokerP ). The Lockhart McOwen theory provides an index change formula that describes how the index varies as we vary the weight of the Sobolev space.
Definition 51. Let µ ∈ R and define
That is, K(µ) consists of sections in the kernel of D AC which are polynomials in log r whose coefficients are homogeneous order µ spinors.
The importance of these spaces is that they describe the change in index as the weight varies. We let k(µ) be the dimension of the dimension of the space K(µ) in Definition 51.
Remark 53. Being self adjoint the operator (D A ) −2 has index zero, since the dual of the target space has the same weight as the domain. It follows that when D 0 A∞ has non-trivial kernel we have ind(D A ) −2+ǫ = 1 2 (dim KerD 0 A∞ ) for ǫ sufficiently small that [−2, −2 + ǫ) contains no other critical weights. Observe that in this situation the expected dimension is negative for all rates µ < −2.
In analogy with the results of [27] we show that being self adjoint ensures that elements of K(µ) have no polynomial terms.
Then m = 0.
Suppose for a contradiction that m > 0. Thinking of D AC v C as a polynomial in log r we first compare coefficients of (log r) m to find D 0 A∞ v m = −(µ + 2)v m . Now comparing coefficients of (log r) m−1 we find
Thus v m = 0 which yields our contradiction. This proposition shows that K(µ) is simply the −(µ+ 2) eigenspace for the operator D 0 A∞ . The dimension of these spaces therefore determines how ind µ D A varies as we change the weight µ.
Structure of the Moduli Space
Suppose we work in a small enough neighbourhood of A in the space of L 2 k,µ−1 connections so that we may solve the Coulomb gauge condition. Then we have seen that the the zero set of (D A ) µ−1 consists of smooth sections and that its linearisation is Fredholm whenever (µ + 2) ∈ SpecD 0 A∞ . Definition 55. For a given weight µ < 0 we define the rate µ infinitesimal deformation space to be
By AC uniform elliptic regularity this is independent of k and is finite dimensional.
When Remark 56. One can also describe the framework for study deformations of G 2 instantons in the form of an elliptic complex. In this weighted setting, the complex takes the form
Denote the cohomology groups of this complex by H k A,µ . We have already noted that the zeroth cohomology group is trivial H 0
With this in hand we can apply the implicit function theorem to integrate our infinitesimal deformation theory. We state here the version of the implicit function theorem we shall apply.
Theorem 57. Let X and Y be Banach spaces and let U ⊂ X be an open neighbourhood of 0. Let F : U → Y be a C k map, for some k ≥ 1, with F (0) = 0. Suppose dF | 0 : X → Y is surjective with kernel K such that X = K ⊕ Z for some closed subspace Z.
Then there exists open sets V ⊂ K and W ⊂ Z both containing 0, with V × W ⊂ U and a unique C k map Proof. For k ≥ 5 let
and let Y = Ω 0 k,µ−2 (M, AdP ) ⊕ Ω 1 k,µ−2 (M, AdP ). Pick a sufficiently small neighbourhood of A so that we may solve the Coulomb gauge condition. This in turn gives an open neighbourhood U of (0, 0) in Ω 0 k,µ−1 (M, AdP ) ⊕ Ω 1 k,µ−1 (M, AdP ). We define a map of Banach spaces F : X → Y by F (v, w) = D A (v) + w and note F (0, 0) = 0. The differential of F at 0 acts as
By the definition of the obstruction space dF | (0,0) is surjective and dF | (0,0) (v, w) = 0 if and only if (D A v, w) = (0, 0). Thus kerdF | (0,0) = K = I(A, µ) × {0} is finite dimensional and splits X . That is, there exists a closed Z ⊂ X such that K ⊕ Z = X and we can moreover write Z = Z 1 × O(A, µ) for some closed
We are now in a position to apply the implicit function theorem-we deduce that there are open sets
and smooth maps G j : V → W j for j = 1, 2 such that 
Deformations of the Standard Instanton
The Standard Instanton
Throughout this section we work with the AC G 2 manifold M = R 7 whose asymptotic link is the homogeneous nearly Kähler manifold Σ = S 6 . There is a well known example of a G 2 instanton on R 7 constructed by Günaydin and Nicolai [18] . This example was recovered by Harland et al [19] via a different construction method, namely they considered the instanton equation on the cylinder over the nearly Kähler 6-sphere (which is conformally equivalent to R 7 \ {0}). This viewpoint makes it easier to understand the asymptotics of the connection, in particular one easily observes that it is AC to the canonical connection. We give here a very brief overview of the construction before revisiting it in more detail in 6. The important fact we shall need here is the rate at which the instanton converges.
Form a bundle Q over
where ι : SU (3) ֒→ G 2 is the inclusion homomorphism. Other than the canonical connection A can there is another G 2 -invariant connection which is in fact flat. We denote this A flat = A can + a. Consider P = R 7 × G 2 so that P | R 7 \{0} = π * Q, the pullback of Q to the cone. Let (r, σ) ∈ (0, ∞) × S 6 and make the G 2 invariant ansatz A(r, σ) = A can (σ) + f (r)a(σ)
where f is a function on R 7 depending only on the radial coordinate r. It is shown in [19] that
with C > 0 a constant yields a G 2 instanton which extends over the origin in R 7 . For any such f we define A std = A can + f a and call this the standard G 2 instanton. It is clear from (52) that A std aymptotes to the canonical connection with all rates greater than −2.
In the notation of the previous section we set A = A std and therefore A ∞ = A can . The fastest rate at which A std converges is −2, so we will consider the family of moduli spaces M(A can , µ) for µ ∈ (−2, 0). In the case at hand we expect that {−2, −1} ⊂ W for the following reason: The deformation defined by the dilation (the R + action on the end of M ) is ι ρ ∂ ∂ρ F A std and this is added with rate −2. The deformations determined by translation in R 7 are ι ∂ ∂x i F A std and these are added with rate −1, therefore we expect the +1 eigenspace of D 0
Acan has dimension at least 7.
The Dirac Operator on G 2 /SU(3)
We begin by giving an explicit description of the embedding g 2 ֒→ so(7) ∼ = Λ 2 (R 7 ) * in term of the subalgebra su(3). Recall so(7) ∼ = Λ 2 (R 7 ) * splits as into irreducible representations of G 2 as Λ 2 (R 7 ) * = Λ 2 14 ⊕ Λ 2 7 where the subscript denotes the dimension of the irreducible component. We pick an orthonormal basis e 1 , . . . , e 7 of (R 7 ) * ∼ = (R 6 ) * ⊕ R * so that the summand R * is identified with e 7 . Under the splitting R 7 = R 6 ⊕ R the action of SU (3) is the obvious one. The image of the embedding g 2 ֒→ Λ 2 (R 7 ) * is the space of 2-forms α satisfying α ∧ ψ 0 = 0. We decompose the 2-forms on R 7 as SU (3) modules:
Recall the Lie algebra g 2 is reductive with respect to the subalgebra su(3). This means there is a splitting g 2 = su(3) ⊕ m and the component m is closed under the adjoint action of su (3) . Furthermore, m is the orthogonal complement of su(3) with respect to the Killing form on g 2 . We see that
The space m is a 6-dimensional space such that ψ 0 ∧ η = 0 for all η ∈ m . A direct calculation shows
This yields the following lemma:
Lemma 60. Consider the Lie algebra g 2 as a subspace of Λ 2 (R 7 ) * via the standard embedding. Then there is a splitting g 2 = su(3) ⊕ m where su (3) is the space of ω anti-self-dual 2-forms on R 6 and m ∼ = span e a ∧ e 7 + 1 2 e a ReΩ ; i = 1, . . . , 6 .
Furthermore m is closed under the adjoint action of SU (3) and this splitting is orthogonal with respect to the Killing form on g 2 .
The statements of orthogonality and closure under the adjoint action can be checked by working explicitly in a basis and using the structure constants found in [17] for example. We shall denote by F the map that embeds Λ 1 (R 6 ) * into m ⊂ Λ 2 (R 7 ) * , explicitly this is the map
The tangent bundle, spinor bundle and twisted spinor bundle of S 6 are all associated via some representation of SU (3) and can be understood using homogeneous space techniques which we now outline. Let Σ = G/H be any homogeneous space and denote by EΣ = G× (H,ρE ) E → G/H any vector bundle associated via some representation (E, ρ E ) of H. Denote by ρ R the right regular representation acting on L 2 (G, E) via
Then there is a standard association of sections of EΣ and H-equivariant functions G → E given by
We also denote the induced Lie algebra action by ρ, thus L 2 (G, E) H also has the description
To see how this association works we consider the particular case of the tangent bundle of Σ. This is associated via the adjoint action of H on m: Conversely if X ∈ L 2 (G × (H,Ad) m) then for each g ∈ G there is a unique v g such that X([g]) = [g, v g ]. The map f X : G → m, g → v g is H equivariant and hence defines an element of L 2 (G, m) H . Furthermore, the two maps X → f X and f → X f are inverse to each other. The construction works similarly for any associated bundle and more details can be found in [2] . The canonical connection can be understood in this formalism. Being a connection on G → G/H the canonical connection defines a linear connection on any associated vector bundle. It is a standard result that the covariant derivative of the canonical connection differs from the right regular Lie algebra action by a minus sign: Viewing a section of a bundle associated via a representation E as an element f ∈ L 2 (G, E) H and vector fields as elements X of L 2 (G, m) H we have
Returning to the case where G = G 2 , H = SU (3) and Σ = S 6 we now aim to understand Clifford multiplication by viewing vector fields as elements of L 2 (G 2 , m) SU (3) . We choose to work on the complexified spin bundle
. This is associated via the representation
where SU (3) acts on each component in the standard way. The spinor space S can be extended to a representation of G 2 by identifying
with the trivial representation. Regarding an element η of g 2 as a self-dual 2-form the standard action of η on a 1-
Now let α ∈ m we have α = F (u) for some u ∈ (R 6 ) * ⊗ C and
In this manner we obtain a representation ((Λ 0
for any u ∈ (R 6 ) * . Furthermore we obtain another natural representation of G 2 on the spinor space given by ρS(X) = Vol −1 · ρ S (X) · Vol and the next lemma allows us to relate these actions to Clifford multiplication.
Lemma 61. Let (Σ, Ω, ω, J) be a nearly Kähler 6-manifold. Then the following identities hold
for all u, v ∈ Λ 1 (T * Σ). 
where ρ S is the natural representation (56) of g 2 on S and ρS = Vol −1 · ρ · Vol.
Recall the operators D t are built from the modified connections ∇ t and that ∇ 1 is the canonical connection arising from the reductive homogeneous structure. Let us fix bases {I a } 6 a=1 for m and {I i } 14 i=7 for h which are orthonormal with respect to − 1 12 of the Killing form of g 2 . Corollary 63. After associating spinor fields with elements of L 2 (G 2 , S) SU(3) and vector fields with elements of L 2 (G 2 , m) SU(3) , the Dirac operator of the canonical connection D 1 : Γ(/ S C (Σ)) → Γ(/ S C (Σ)) is
Let us therefore define operators
so that D 1 = D ρ −D ρ . We now explain how to view these operators as Casimir operators:
Any representation (V, ρ) of a Lie algebra g, equipped with an invariant inner product B, yields a quadratic Casimir operator ρ(Cas g ) defined as ρ(Cas g )v = ρ(I A )ρ(I A )v for any v ∈ V and where I A is an orthonormal basis for g. The metric on g 2 is B(X, Y ) = − 1 12 Tr g2 (ad(X)ad(Y )) and the metrics on m and su(3) are the restrictions of B. We use the notation of Fulton and Harris in [16] and denote a complex irreducible representation of G 2 by (V (i,j) , ρ (i,j) ), so that V (0,0) is the trivial representation, V (1,0) = C 7 is the standard representation and V (0,1) = (g 2 ) C is the adjoint representation. Similarly we denote complex irreducible representations of SU (3) by (W (i,j) , ρ (i,j) ) so that W (1,0) = C 3 and W (0,1) = (C 3 ) * . Since the Casimir operators commute with the group action they act as multiples of the identity on irreducible representations and so we can write
The eigenvalues are calculated in [5] One can show that the actions ρ S and ρ R commute and this observation allows us to rewrite D ρ as:
where a representation of G 2 defines a representation of SU (3) by restriction and ρ(Cas m ) := ρ(Cas g2 ) − ρ(Cas su (3) ). Similarly the expression forD ρ is
and in factD ρ = Vol −1 D ρ Vol. Combining this with (23) yields a representation theoretic formula for the Levi-Civita Dirac operator:
ReΩ.
This discussion generalises easily to the case of twisted spin bundles. To study the standard G 2 instanton we would like to form a similar representation-theoretic formula for the twisted Dirac operator D 0 Acan : Γ(/ S(Σ) ⊗ g 2 ) → Γ(/ S(Σ) ⊗ g 2 ). Let us fix (E, ρ E ) = (S ⊗ (g 2 ) C , ρ S ⊗ Ad). As a representation of G 2 this twisted spinor space is
The adjoint representation splits (g 2 ) C = W (1,1) ⊕[[W (1, 0) ]] as a representation of SU (3), so as a representation of SU (3) the twisted spinor space is
In terms of the Lie algebra action the space of sections of the twisted spin bundle is
Consider the operator D 1 Acan acting on sections of E, this takes the form
Note that the connection ∇ 1,Acan is simply the canonical connection acting on sections of G × H E, associated via the representation E. Thus ∇ 1,can
and X ∈ Γ(T Σ). An analysis identical to the case of D 1 yields a representation theoretic formula for the twisted operator D 1
Acan .
Under the association Γ(/ S(Σ) ⊗ AdP ) ∼ = L 2 (G 2 , E) SU(3) the twisted Levi-Civita Dirac operator D 0 Acan is
(64)
Frobenius Reciprocity
To calculate eigenvalues explicitly we utilise results from harmonic analysis. The main tool we shall require is the Frobenius reciprocity theorem which generalises the classical Peter-Weyl theorem to the space of sections of an associated vector bundle. Consider a homogeneous space Σ = G/H, let (E, ρ E ) be a representation of H and consider the space L 2 (G, E) H . The left action of G on this space gives a representation which is said to be induced by the representation ρ E and which is denoted Ind G H (E). Suppose we have an irreducible representation V γ of G and a non-trivial element Φ of Hom
Then for any v ∈ V γ we have a map It follows that the space of sections of G × H E decomposes as an orthogonal Hilbert sum
where G denotes the set of isomorphism classes of unitary irreducible representations and V γ is any class representative (note G is assumed to be compact and hence any such representation must be finite dimensional). Furthermore, each summand in the above Hilbert space sum in fact lies in C ∞ (G, E) H .
Returning to the case where Σ = G 2 /SU (3) and E = S ⊗ (g 2 ) C we can apply this machinery to the twisted spin bundle:
Lemma 65. For any γ ∈ G 2 , the operator D ρ Acan leaves invariant the space
Proof. This is a simple consequence of the Frobenius reciprocity theorem, which enables us to determine how the Lie-Algebra representation ρ R acts under the decomposition
By the Peter-Weyl and Frobenius reciprocity theorems, the element of
. Thinking of vector fields as SU (3) equivariant maps G → m, we let X ∈ L 2 (G 2 , m) SU(3) be a vector field and calculate
Therefore we find that
and the result follows.
Clearly the operator Vol −1 D Acan Vol also preserves the decomposition into homomorphism spaces, as does the action of ReΩ on the spin bundle, and therefore the family of operators
ReΩ preserve the decomposition.
Corollary 66. The spectrum of D 0 Acan is
Eigenvalue Bounds
Recall that the standard G 2 instanton A std has rate −2 and so we shall consider a family of moduli spaces M(A can , µ) for µ ∈ (−2, 0). We have seen that the expected dimension of these moduli spaces varies as we pass through values λ k which are in Spec(D 0 Acan ) ∩ [0, 2) so we are lead to study the spectrum of this twisted Dirac operator in this interval. Our method is to use a representation-theoretic Lichnerowicz type formula to bound the eigenvalues of (D 0 Acan ) γ away from this interval for irreducible representations V γ of sufficiently large dimension.
The relevant Lichnerowicz type formula is calculated in [5] , we combine this with the results of [28] and attain the following lemma:
Lemma 67. Let G/H be a homogeneous nearly Kähler manifold. Let F Σ be the vector bundle the vector bundle obtained from G → G/H through some representation F of H. Let A can be the canonical connection on P and let t ∈ R. Then (D 1 3 Acan ) 2 preserves the decomposition
for any η ∈ Γ(S ⊗ F Σ).
Proof. The formula is calculated for sections of Λ 1 ⊗ F Σ in [5, Proposition 8] , where it is also shown that
Acan ) 2 κ = (∇ 1,Acan ) * ∇ 1,Acan κ + 4κ
for κ ∈ Γ((Λ 0 ⊕Λ 6 )⊗F Σ). By a standard argument, see [28] for example, the rough Laplacian (∇ 1,Acan ) * ∇ 1,Acan is identified with the action of a Casimir operator
then we have ρ R (X)κ + ρ F (X)κ = 0 for any X ∈ h and therefore ρ R (Cas h ) = ρ F (Cas h ). Combining this with the fact that ρ L (Cas g ) = ρ R (Cas g ) yields the result.
In the case of interest F = (g 2 ) C in the above notation. Under the decomposition (65) we have that Acan ) 2 γ is given by the formula
2. V (1, 0) , the standard representation 3. V (0,1) , the adjoint representation.
Proof. Let us fix V γ = V (i,j) . Equation (69) tells us how (D 1 3 Acan ) 2 acts on Hom(V γ , E) SU(3) and (61) shows that the possible eigenvalues of ρ g2 (Cas su(3) ) + 4 are {0, −5}. Therefore if c g2 (i,j) ≥ 5 we get a non-trivial lower bound on the eigenvalues of (D 1 3
Acan ) 2 γ } so we have also obtained a lower bound on the smallest non-negative eigenvalue of (D ReΩ are {−1, 0, 1} so we may appeal to Lemma 68 to attain a lower bound on the smallest non-negative eigenvalue of (D 0 Acan ) γ as long as c g2 (i,j) − 5 − 1 > 0. To bound the smallest non-negative eigenvalue away from the interval [0, 2] the requirement is that c g2 (i,j) − 5 − 1 > 2. Using (60) one can check this condition is satisfied for every representation other than V (0,0) , V (1, 0) and V (0,1) .
For the three representations in the above list we now compute the matrix of the Dirac operator and the set of eigenvalues explicitly. We briefly outline a few conventions used throughout the calculations: (3) and it will prove more convenient to view the homomorphism space from the latter viewpoint when constructing basis vectors. Furthermore since S = V (1,0) ⊕ V (0,0) as a representation of G 2 it will prove convenient to decompose
as G 2 modules. Recall we have the following models for irreducible representations of G 2 :
For irreducible representations of SU (3) we model
where ω is the standard Kähler form on R 6 . Note that W (1,1) embeds into V (0,1) by inclusion and the embedding of W (1,0) into V (0,1) is given by the restriction of the embedding F of (
Eigenvalues from the Trivial Representation
Let V γ = V (0,0) be the trivial representation of G 2 . Then Schur's lemma tells us that Hom(C, S⊗(g 2 ) C ) SU(3) ∼ = Hom(S, (g 2 ) C ) SU(3) is two-dimensional. From (55) we see that a basis for this space is given by the maps that factor through projections π (1,0)
When V γ is the trivial representation the operators ρ S⊗V * γ (Cas m ) − ρ S (Cas m ) and ρ V * γ (Cas m ) both vanish. From (66) we know that (D ρ Acan ) γ is built from precisely these operators and hence vanishes. Note also that Lemma 8 ensures that ReΩ acts as 0 on this space since π (1, 0) (1,0) and π (0,1) (0,1) factor through Λ 1 ⊂ S. Overall then (D 0 Acan ) γ vanishes identically on this space.
Proposition 70. Let V γ = V (0,0) , then the unique eigenvalue of (D 0 Acan ) γ is 0 and has multiplicity 2.
Eigenvalues from the Standard Representation
Now let V γ = V (1,0) be the standard representation of G 2 . The space Hom(S ⊗ V (1,0) , (g 2 ) C ) SU(3) is ten dimensional. It is convenient to split this space as
The matrix of (D Acan ) γ will be block diagonal with respect to this splitting, and the part acting on Hom(C ⊗ V (1,0) , (g 2 ) C ) SU (3) is 0 by the previous calculation.
Our strategy for calculating the eigenvalues of this operator is:
• Calculate the change of basis matrix and hence find the matrix of (D 0 Acan ) γ . • Calculate the eigenvalues of (D 0 Acan ) γ . To begin this task we construct a basis of Hom(V (1,0) ⊗ V (1,0) , (g 2 ) C ) SU(3) by finding non-zero SU (3)equivariant maps q (i,j)(k,l) (m,n)
:
and observe that on this space:
These maps are constructed from the following projection maps:
The basis of Hom(V (1,0) ⊗ V (1,0) , (g 2 ) C ) SU(3) that we get is Map Factorisation and Formula
Furthermore we can extend this to a basis of Hom(S ⊗ V (1,0) , (g 2 ) C ) SU(3) by adding the maps q 9 = Vol · q (0,0)(1,0) (1, 0) and q 10 = Vol · q (0,0)(0,1) (0,1)
. The only term of the decomposition (70) of (D ρ Acan ) γ that this basis does not diagonalise is ρ S⊗V * (1,0) (Cas g2 ). We choose a basis diagonalising this operator by considering projections through the splitting of V (1,0) ⊗V (1, 0) into irreducible representations of G 2 :
these maps are eigenvectors of ρ S⊗V * (1,0) (Cas g2 ) with eigenvalue c g2 (i,j) . To relate the two bases it is necessary to understand each of the projection maps involved in the above construction, then by composition we will be able to understand how they are on an element of V ⊗ V (1, 0) .
Recall V (1, 0) is the +2 eigenspace and V (0,1) the −1 eigenspace of the operator * 7 (ϕ 0 ∧ · ) on Λ 2 (R 7 ) * . We have equivariant maps:
We also use the following projections
• V (2,0) → W (1, 1) , α ∧ dt + β → 1 3 α − 1 2 * 6 (ω ∧ α) + 1 6 * 6 (ω ∧ * 6 (ω ∧ α)). The overall maps are then
Map
Factorisation and Formula
Lemma 71. Let u, v ∈ Λ 1 (R 6 ) * . The following identities hold:
Combining all of these facts one finds that the bases p (i,j) (k,l) and q (i,j)(k,l) (m,n) are related as follows:
Recall the maps p (i,j) (k,l) are eigenvectors of ρ S⊗V * (0,1) (Cas g2 ) with eigenvalue c g2 (i,j) so that in the basis p 1 , · · · , p 8 we have ρ S⊗V * (0,1) (Cas g2 ) = diag(−6, −6, −12, −12, −12, −14, −14, −14).
We have seen that the maps q
(1,0) . In the basis q 1 , . . . q 8 we find (12, 12, 12, 12, 8, 8, 13, 13 ) and (70) says that (D ρ Acan ) γ is the sum of these two operators. Furthermore ReΩ acts in the basis q 1 , . . . , q 10 as the matrix diag(4, 4, 0, 0, 0, 0, 0, 0, −4, −4) and hence we obtain via (67) the matrix of the twisted Levi-Civita Dirac operator in this basis:
A consistency check is obtained by observing that (69) ensures the basis q 1 , · · · q 10 diagonalises (D .
Since (D Acan ) 2 γ = diag(6, 6, 6, 6, 6, 6, 1, 1, 6, 6) as expected. By calculating the eigenvalues of (77) we obtain the following proposition: (1, 0) , the eigenvalues of ( / D 0 Acan ) γ are symmetric about 0, the ±λ eigenspaces are isomorphic and the non-negative eigenvalues and multiplicities are: 
Eigenvalues from the Adjoint Representation
We now consider the case when V γ = V (0,1) is the adjoint representation. We work on the space Hom(S ⊗ (1, 0) and the summands split as reps of SU (3) as follows:
We therefore see that Hom(S⊗V (0,1) , (g 2 ) C ) SU(3) has dimension 12. As before we split Hom(S⊗V (0,1) ,
so that the operator (D ρ Acan ) γ is block diagonal and its action on Hom(C ⊗ V (0,1) , (g 2 ) C ) SU(3) is 0.
To calculate the action of the operator on Hom(V (1,0) ⊗ V (0,1) , (g 2 ) C ) SU(3) we again pick two bases for this space which diagonalise the various Casimir operators from which (70) tells us (D ρ Acan ) γ is constructed. As before we first pick a basis consisting of maps that factor as follows: These maps are constructed from the projection maps from V to its subspaces as before and, writing an element of V (0,1) as α + F (v) for α ∈ Λ 2 8 and v ∈ Λ 1 , the maps
Map
We extend this set to a basis of Hom(S ⊗ V (0,1) , (g 2 ) C ) SU(3) by adding the three maps
To diagonalise the operator ρ S⊗V * γ (Cas g2 ) we choose maps that factor as follows:
These maps are eigenvectors of ρ S⊗V * γ (Cas g2 ) with eigenvalue c g2 (i,j) . Let w ∈ V and β ∈ V (0,1) , applying Schur's lemma where necessary gives the required projection maps to be:
The difficulty in working with this basis is that the space V (1,1) cannot be modelled as a subspace of Λ * (R 7 ) * . Instead we work with maps that factor through V (1, 1) by noticing that they must be orthogonal with respect to the natural inner product on the space given by X, Y = Trace(X * Y ), since they factor through orthogonal subspaces. We can therefore find expressions for the maps p (1, 1) (i,j) by ensuring the basis vectors are mutually orthogonal. The basis vectors can be described as follows:
Map Factorisation and Formula
Here p (1, 1) (1,1) andp (1, 1) (1,1) factor through two different copies of W (1,1) contained in V (1, 1) . For the maps p (i,j) (k,l) with (i, j) = (1, 1) we can determine their expression in terms of q i as before. The result is the following:
By explicitly computing the matrices of the maps q (i,j)(k,l) (m,n)
we are able to calculate the norm of each map. They are as follows: 
By ensuring the maps p (1,1) (k,l) are orthogonal to the other basis maps, we obtain the following :
• p 9 = − 4 3 q 3 + q 6 + q 9 . We calculate the matrix of (D 0 Acan ) γ in the basis q 1 , · · · , q 12 in the same way as we have done for the standard representation and find
Again it is a useful consistency check to calculate the matrix of (D as expected.
Proposition 74. Let V γ = V (0,1) , the eigenvalues of (D 0 Acan ) γ are symmetric about 0, the ±λ eigenspaces are isomorphic and the non-negative eigenvalues and multiplicities are: 
Local Uniqueness of the Standard Instanton
Observe that the only eigenvalues in the range [0, 2] are 0 and 1 and that these eigenvalues are determined by dilation and translations. In other words there are no other instantons nearby in the moduli space. Furthermore the fact that these linear deformations are genuine deformations of the connection ensures that the operator controlling the deformation theory is surjective. In other words, the deformation theory is unobstructed and the moduli space is in fact a smooth manifold.
Theorem 75. The standard instanton A std on R 7 is locally unique. That is, the only linear deformations of A std are those determined by dilation and translation. Since all of solutions of the linear equation are genuine, extending to solutions of every order, the deformation theory is unobstructed and M(A can , µ) is a smooth manifold for µ ∈ (−2, −1) ∪ (−1, 0). The dimension of the moduli space is
Notice also that we have shown 2 is not an eigenvalue of D 0 Acan . The work of Charbonneau-Harland [5] shows that deformations of A can as a nearly Kähler instanton correspond to 1-forms v ∈ Ω 1 (Σ, AdP ) such that D 0 Acan (v · s 6 ) = 2v · s 6 . Corollary 76. The canonical connection on the principal bundle G 2 × S 6 → S 6 is rigid.
This can be compared with [5, Theorem 3] which establishes the rigidity of the canonical connection on
Applications of the Deformation Theory
This section proves that the standard instanton is the unique G 2 instanton on P = G 2 × R 7 → R 7 which is asymptotic to A can . Our strategy is to show that connections in the moduli space must be invariant under a natural left action of G 2 on the bundle P. With this in hand we classify connections invariant under this action, showing that the standard instanton is the only connection in the moduli space of G 2 -invariant instantons.
Invariance of AC Instantons
Let A be an AC G 2 instanton on P = G 2 × R 7 → R 7 , converging to A can . Recall we may study the deformations of A in terms an elliptic complex. The cohomology group
satisfies H 1 A,µ ∼ = I(A, µ) so we know from Theorem 75 that the dimension of these vector spaces are
Furthermore we know by [5, Proposition 9 ] that these deformations are given by the cohomology classes
where ∂ ∂xi , for i = 1, . . . , 7, are coordinate vector fields and r 2 = x i x i . In fact any Killing field determines a deformation of A and one can ask which Killing fields actually preserve the connection. Here we think of Killing fields X as elements of Lie(G 2 ⋉ R 7 ) and define a map
Before investigating the properties of this map we pause to collect some facts about the Lie group G 2 ⋉R 7 , the group generated by translations and rotation by a G 2 matrix. More precisely an element of G 2 ⋉ R 7 consists of a pair (g, v) where g is an element of G 2 and v ∈ R 7 . Denote by R the standard representation of G 2 , then the action of (g, v) on a point p ∈ R 7 is (g, v) · p = R(g)p + v.
Acting with two elements gives the composition formula
Denote by (G 2 ) p the elements of G 2 ⋉ R 7 that fix a point p ∈ R 7 . Then (G 2 ) p = {(g, p − R(g)p) ; g ∈ G 2 } is a subgroup of G 2 ⋉ R 7 isomorphic to G 2 . Other connected subgroups are of the form H ⋉ U for H a proper subgroup of G 2 and U ⊂ R 7 a vector subspace, or H p the isotropy subgroup of H fixing p. If a subgroup H ⋉ U ⊂ G 2 ⋉ R 7 does not fix a point in R 7 then U is a vector space of positive dimension and it follows that the subgroups of G 2 ⋉ R 7 that are isomorphic to G 2 are precisely the groups (G 2 ) p for some p ∈ R 7 .
The set of connected proper Lie subgroups of G 2 is
and we can use this to understand the kernel of the map L.
Proposition 77. The kernel of the map L is a Lie subalgebra of Lie(G 2 ⋉ R 7 ) isomorphic to g 2 .
Proof. First we show that KerL is a Lie subalgebra of Lie(
Therefore we find If any of the cases 1 − 3 were to hold then A would have translational symmetries, so we must rule this out. Suppose for a contradiction that A has translational symmetries, then A is a (globally defined) 1-form such that L X A = 0, where X is the vector field generating the translations under which A is invariant, thus X = c i ∂ ∂xi where c i are constants and ∂ ∂xi are the coordinate vector fields on R 7 . Note that L X A = 0 implies L X F = 0 and one can check that if F = F ij dx i ∧ dx j is any 2-form on R n then L X F = 0 if and only if X(F ij ) = 0 for all i, j. It follows that X(|F | 2 ) = X(F ij F ij ) = 2F ij X(F ij ) = 0 so |F | is constant in the direction X. Pick p ∈ S 6 such that {tp ; t ∈ R} is the line through the origin generated by X, then |F A |(tp) = c(A)
where c(A) ≥ 0 is a constant depending only on A.
Since A is asymptotically conical (up to gauge) there is a gauge transformation g such that g · A = gAg −1 − dgg −1 satisfies |g · A − A C | = |a| = O(r µ−1 )
where A C = π * A can and a is defined as the difference of g · A and A C . Observe that |F g·A − F AC | = | d A a + a ∧ a| = O(r µ−2 ), in other words r 2−µ |F g·A − F AC | is a bounded function of r for some R > 0 and where r ∈ [R, ∞). Recall that F AC = π * (F Acan ) and therefore r 2 |F AC |(rp) = c(A C ) where c(A C ) = |F Acan | g round > 0 is a constant independent of both r and p. We calculate This proves the G 2 invariance of connections in the moduli space:
Proposition 78. Let A be an AC G 2 instanton on P, converging to A can . Then A is invariant under the action of (G 2 ) p for some p ∈ R 7 .
Uniqueness of the Standard Instanton
The constructions covered in this section come from [19] . Here we review their construction using the framework of Wang's theorem, as has been done to study the moduli space of invariant instantons on the Bryant-Salamon manifolds Λ 2 − (S 4 ) and Λ 2 − (CP 2 ) in [30] . We begin by covering the necessary material on homogeneous bundles and invariant connections. The reader can find these constructions covered in more detail in [30, Section 3] . Let G be a connected Lie group with closed subgroup H and form the homogeneous space G/H. Furthermore suppose this space is reductive so that g = h ⊕ m and this splitting is respected by the adjoint action of H. Let P → G/H be a principal K-bundle, so that K acts on the right on P. The bundle P is called homogeneous if there is a lift of the natural left action of G on G/H to the total space P which commutes with the right action of K. According to [21] , such bundles are determined by homomorphisms Λ : H → K (called isotropy homomorphisms) via the formula Q = G × (H,Λ) K.
Let Q be such a bundle and consider gauge transformations of Q as sections of c(Q) = Q × (K,c) K where c(k 1 )k 2 = k 1 k 2 k −1 1 . Using the isomorphism c(Q) = G× (H,c•Λ) we can define a G-invariant section of c(Q) from an element k of the centraliser of Λ(H) via the map
If Q is a K-homogeneous bundle we say a connection A is G-invariant if its connection 1-form A ∈ Ω 1 (Q, k) is left invariant. Recall the canonical connection A can lives on any bundle associated to G → G/H and defines an invariant connection. Wang's theorem gives an algebraic description of G-invariant connections on such a bundle.
Theorem 79 (Wang). Let Q = G × (H,Λ) K be a principal homogeneous K-bundle. Then G-invariant connections on P are in one-to-one correspondence with morphisms Φ of H representations Φ : (m, Ad) → (k, Ad • Λ).
The connection A Φ that corresponds to such a morphism Φ satisfies (A Φ − A can )([1]) = Φ where we identify linear maps m → k with elements of (T * (G/H) ⊗ AdQ) [1] .
If Q → G/H is a homogeneous bundle and G/H is a nearly Kähler 6-manifold we shall use Wang's theorem to study M inv (G/H, Q)
the space of G-invariant nearly Kähler instantons modulo invariant gauge transformations. Consider the case when G = G 2 and H = SU (3) so that S 6 = G 2 /SU (3). In this case principal homogeneous G 2 bundles (K = G 2 in the above setup) are determined by homomorphisms Λ : SU (3) → G 2 . Such a group homomorphism induces a Lie algebra homomorpshim λ : su(3) → g 2 (in fact since SU (3) is simply-connected the correspondence between Lie group and Lie algebra homomorphisms is one-to-one). In other words λ : (su(3), ad) → (g 2 , ad • λ)
is su(3)-equivariant, hence by Schur's lemma either zero or an isomorphism. It follows that there are exactly two equivalence classes of principal homogeneous G 2 bundles over S 6 .
In the first case, when Λ(h) = 1 for all h ∈ SU (3), Wang's theorem says to look for morphisms of SU (3) representations Φ : (m, Ad) → R 14
where R 14 denotes 14 copies on the trivial representation. Since there are no such non-zero maps the only invariant connection corresponds to Φ = 0 and this yields the flat connection.
The other case to be considered is when Λ is the inclusion map ι : SU (3) → G 2 and we denote the associated bundle Q = G 2 × (SU(3),ι) G 2 .
In this case, Wang's theorem instructs us to look for morphism of SU (3) representations Φ : (m, Ad) → (g 2 , Ad).
Working with complexified representations we see that a basis for Hom(m C , (g 2 ) C ) SU(3) is given by the set {Id, J}. If we identify such a map a = xId + yJ, where x, y ∈ R, with the complex number z = x + iy, then the G 2 invariant connection with
is a nearly Kähler instanton precisely when z 2 − z = 0 [19] . Other than the canonical connection z = 0 the solutions to this equation are precisely the cube roots of unity. Let us write A 0 , A 1 , A 2 for the connections obtained from the solutions exp( 2nπi 3 ) for n = 0, 1, 2. These connections are in fact flat and and since S 6 is simply connected these connections must be gauge equivalent. In fact, a little thought shows that these connections are equivalent through the invariant gauge transformations. Now let π : C(Σ) → Σ denote projection from the cone to Σ. The action of G 2 on Q := G 2 × (H,ι) G 2 lifts to an action on P = R 7 × G 2 → R 7 since the usual action of G 2 on R 7 preserves length. We shall call A invariant if its connection 1-form A ∈ Ω 1 (P, g 2 ) is left invariant under this action. It suffices to consider only connections A on P which are in radial gauge, i.e dr A = 0, since such a gauge may always be chosen. Then an invariant connection is determined as before in (80) but now we identify f 1 (r)Id + f 2 (r)J with the complex valued function f (r) = f 1 (r) + if 2 (r). As demonstrated in [19] such a connection is a G 2 instanton if and only if f satisfies the differential equation rf ′ (r) = 2 f 2 (r) − f (r) .
(81)
Remark 80. The coefficient of 2 in (81) differs from the one found in [19] , this is a consequence of the normalisations we have chosen. Namely the metric on g 2 is − 1 12 th of the Killing form and our SU (3) structure satisfies dω = 3ImΩ.
This construction yields a connection A on π * (Q) = (R 7 \ {0}) × G 2 . To get a connection on P we require A to extend over the origin. For this to happen it is necessary and sufficient that the curvature be bounded at r = 0. The curvature of the connection satisfies As in the previous section we ask the connection we obtain decays to the canonical connection, in other words we also impose the boundary condition lim r→∞ f (r) = 0.
The space of invariant connections can therefore be identified with the space of solutions to (81) satisfying the above boundary conditions. Real valued solutions to this system are of the form f 0 (r) = 1 Cr 2 + 1 with C ∈ R + , and the other solutions are obtain by applying the 3-symmetry: f 1 (r) = exp( 2πi 3 )f 0 (r) and f 2 (r) = exp( 4πi 3 )f 0 (r). Remark 81. The constant C can be interpreted as the "size" of the instanton and is related to the conformal invariance of the G 2 -instanton equation [5] .
Let the G 2 instantons defined by the functions f i be denotedÃ i , then the invariant gauge transformations that related the connections A i lift to the cone to relate the connectionsÃ i . In [19] it is shown that (81) is the gradient flow equation of a certain "superpotential". This fact ensures the uniqueness of these solutions given the boundary data. Viewing S 6 = G 2 /SU (3) we write a point p ∈ R 7 \ {0} as p = r[g], for some r > 0 and g ∈ G 2 , and define the standard instanton to be the G 2 -invariant instanton with This discussion ensures the invariant moduli space is determined precisely by the paramater C:
Proposition 82. Let A be a G 2 -instanton on the homogeneous principal bundle P which decays to the canonical connection of the nearly-Kähler S 6 at infinity. If A is invariant under the action of G 2 on P , then A = A std is the standard G 2 -instanton.
The importance of this result is that is can be combined with the results of the previous subsection to prove a global uniqueness result. Namely, Proposition 78 says that any instanton on P , AC to A can , must be invariant under the action of G 2 on R 7 which fixes some point, so uniqueness follows from the above result.
Theorem 83. The standard G 2 instanton A std is the unique G 2 instanton on G 2 × R 7 → R 7 which is asymptotically conical, converging to the canonical connection of the nearly-Kähler S 6 at infinity.
